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In this paper, we prove the following result. 
THEOREM A. Let G be a jkite group which admits an ~~to?norp~ism a: of odd 
prime order Y whose$xed-point-subgroup C,(a) dzas mde~ 2. Then G is sol&&. 
Apart from being a next step after Thompson’s solution of the Prober-Gus 
conjecture for a fixed-point-free automorphism [i6], Theorem A has the 
following application. Let G be a finite group which contains an element g of 
order an odd prime Y, whose centralizer has order 2. Then every r’-subgroup 
of G normalized by {g) is soluble. The particular case Y = 3 of t-his application 
yl’as the subject of an investigation by D. R. Page in his D. Phii. thesis (Oxford, 
1969) and gave rise to the original study of this problem. 
The result of Theorem A under the additional assumption that 7’ is not a 
Per-mat prime greater than 3 has been announced previously [33; the original 
proof formed part of the first author’s D. PhiL thesis (Oxford, 190 
under the supervision of Professor C. Higman, F. R. S. That an automorphism 
of order a Fermat prime may need special treatment is not unusual; in our case, 
this can be seen in the structure of solubie groups as in Theorem below. The 
most significant tool in attacking the exceptional cases is undoubtediy the 
theorem of Smith and Tyrer, stated in Section 2. 
We begin the proof of Theorem A by attempting to follow Thompson’s 
methods. First we study soluble groups which satisfy oar hypothesis. Sirch 
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groups need not be nilpotent, although it is easily seen from a characteristic 
series that they have 2-length one. Fortnuately the structure is even easier. 
THEOREM B. Let G be a Jinite sobble group which admits an automorphism a: 
of odd prime order Y whose fixed-point-subgroup has ordw 2 and is generated by x. 
Let G = G/0,&G) and z = x0,,,(G). nen either G/O,(G) is nilpotent, OY the 
following hold: 
(i) O,,,,(G) is nilpotent; 
(ii) [x, O(G)] # 1; and’ 
(iii) either G = (g> OY, ;f~ = 2” + 1 is a Fermat prime only, G is an extra- 
special 2-group of order 22n+1 with centre (a>, isomorphic to the central product of a 
quaternion group and (n - 1) dihedral groups. 
A minimal counterexample to Theorem A is simple; in Section 5 we apply 
Theorem B together with Thompson’s normal p-complement theorem to 
determine maximal subgroups. This allows us to define an equivalence relation 
on the odd prime divisors of the order by means of the existence of nilpotent Hall 
subgroups. These fall naturally into three classes which are eliminated in turn 
in the final three sections. In the course of this elimination we use three non- 
simplicity criteria which are proved independently in Section 3. These involve 
conditions on Abelian Hall subgroups which are T.I.-sets and their automizers. 
In a sense, as results, they are in the spirit of Higman’s work onp-local conditions 
[l 11, although the methods are somewhat different and use existing characteriza- 
tion theorems. 
The notation of this paper is standard as, for example, in [6]. Some frequently 
used results and preliminary lemmas are given in Section 2. All groups are finite. 
2. PRELIMINARIES 
We first quote some frequently used results. 
2.1 (Focal subgroup theorem [6, 7.3.41). If P E SyI,(G), then 
P n G’ = (xy-l ! x, y E P, x conjugate to y in G). 
2.2 (Thompson’s transfer lemma). If S E Syl,(G) and T is a subgroup of S 
of index 2, and if x is an involution of S conjugate in G to no element of T, then 
x $ 02(G). 
2.3 (Smith-Tyrer [131). Let G be a jinite group with an Abelian Sylow 
p-subgroup P for some oddprime p. If [N(P) : C(P)] = 2 and P n N(P)’ is non- 
cyclic, then G is p-soluble. 
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2.4 (T~ampson ‘(161). Let G be a jkite group which admits a ~~ed-po~nt-~~~ 
a~t~rn~~ph~srn of prime order. Then G is nilpotent. 
2.5 ([6, 5.2.3). Let A be a$-group oja~tomo~p~~sms oj the Abeliu~p-g~Q~p .F’. 
Then P = C&l) x [P, A]. 
The followiflg result is a consequence of a well-known character-theoretic 
argument and can be found, for example, in [IO] or deduced as a special case of 
14, Corollary 5.2.5-J. 
2.6. Let G be a$nite simplegroup, and let r be a set of oddprime &~‘SQYS oj I G iS 
Assume that G has an Abelian Hall v-subgroup M such that N = CG(h) for every 
%oni~entity element h of H and that [N&El) : 14 = 2. Then all i%vol~tio%s in G are 
~~n~~gate. 
TRe fokwing form of the Thompson transitivity theorem is due to Giauber- 
man. We use the following standard notation. Let G be a group, p and 4 distinct 
prrmes, and P ap-subgroup of 6. Define 
and 
M*G(P; 4) = (Q E H,(P; 9) ! Q maximal under inclusion}. 
PRQPQSITION 2.1. Let G be a finite group, a%$ !et p and q be distinct prime 
divisors of [ G 1. Assume that G has an Abelian Sylozc p-subgroup P for which 
m(P) >, 3 and that, whenever F,, is a subgroup of P z&h m(P/P,J < 2, NG(PJ is 
~~~o~~~~i~~~. Then C,(P) pevmutes the elements oj $3*&P; q) t~a~t~~e~~ under 
co7zjugation. 
PYOO~. One need only follow the standard proof for the case where P E SC?&& -p) 
and all p-local subgroups are p-constrained (e.g. [6, Theorem 8.5.41) to observe 
that in our case the p-local subgroups relevant to the proof satisfy m(P,/P,) < 2. 
We complete this section with some lemmas on extraspecial 2-groups and 
their representations. Let Q and D denote the quaternion and dihedral groups 
of order 8, respectively. Letting o denote the central product with amalgamated 
centre, an extraspecial group of order P-i-r is isomorphic either to @; D) or 
to Q 0 (o?-’ D); : In either case, if p is an odd prime, there is a uniqlle faithful 
irreducible representation over Z, and the degree is 2”. (See 16, Theorems 5.52, 
5.5.4, and 5.5.51; although in Theorem 55.4 one should observe that Q and D 
have faithful representations of dimension 2 even when Z, contains no fourth 
roots of unity.) 
hWvlA 2.8. Let T be an extraspecial Z-group admitting an autQmo~p~is~~ 0: 
of odd p&ae odes Y acting fixed-point-freely on T/T’. Let S be the natural semi- 
direct product T(a) and let K be a jield oj nonzero ~,~~~~a~~~~is~~~ d$jfe ent f&m 2, 
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andr. Assume that there exists a KS-module Mfor which C,(S) = C,( T’) = 0. Then, 
(i) Y = 2” + 1 is a Furnat prime, 
(ii) 1 T j = 22n+l, and 
(iii) T G Q 0 (a:-1 0). 
Proof. If 01 were to act irreducibly on T/T’, then it would be the standard 
nonmodular analogue of the Hall-Higman situation to show that Y ==2”+1 where 
1 T j = 22”+1. (See the proof of 112, Theorem 3.11.) However, irreducibility only 
appears in the reduction step to obtain an extraspecial group; thereafter the 
arguments use only that 01 is fixed-point-free on T/T’. Hence they give parts (i) 
and (ii) together. 
Now n is necessarily even. As in the proof of [6, Theorem 5.521, we may show 
that in (0: 0) and Q 0 (oy-i D), the number of cyclic subgroups of order 4 is 
2+1(2n - 1) and 2”-l(2” + l), respectively. Since OL is fixed-point-free on T/T’, 
the number must be divisible by Y, whence (iii) holds. 
As it is only this case that interests us, in the next two lemmas, T denotes an 
extraspecial group of order 22”+1 isomorphic to Q 0 (oy-1 0). We let x denote the 
involution of Z(T). 
LEMMA 2.9. (i) Ify is a noncentral involution in T, then y is conjugate to xy. 
(ii) Ij TO is an Abelian subgroup of T not containing x, then TO is elementary 
Abelian of order at most 2n-i. If [ TO 1 = 2”, then C&T,) = TO x Tl where 
Tl G Q 0 (o;-m-1 0). 
Proof. Since T/T’ is elementary Abelian and j T’ / = 2, it follows that y is 
conjugate to xy (and nothing else) whenever y is noncentral. Furthermore, since 
x is the only nonidentity element of T which is a square, any subgroup of T not 
containing x is necessarily elementary Abelian. 
We prove the remaining assertions by induction on 12, noting that they are 
vacuously true when n = 1. Let. y be a noncentral involution of T. Since 
commutation induces a nonsingular symplectic form on T/T’ as a vector space 
and any nonzero vector lies in some symplectic basis, T contains subgroups 
Q1, D, ,..-, D,-, such that Q1 g Q, Di s D for each i, y E D,_, and 
T =Ql~D1~...~Dn--l. 
Then 
C,(y) =(y> xQ~~D~~..~~D+~. 
Put Q1~Dl~...~Dn-2 = TX. We may suppose that y E TO . Then TO = 
(y) x (TO n T*) and 
CT(TO) = <y) x C,,(TO n T”). 
Since j T* / < 1 T j, the result follows by induction. 
LEMM.\ 2.10. Suppose that T acts on an Abeliaaz $-g~oup P with Cp(x) = d I 
Then there exists a positive integer k such that the ~o~~o~i~g hold. 
Pz~oof. Since P = [P, To] X C,(T,) f . OP an 7 subgroup TO of T and we wish j 
to prove assertions about the rank of subgroups of P, we may suppose that 
@p(P) = 1. Since (x) is the unique minimal normal subgroup of T and C,(x) = 1 i 
every irreducible constituent of the action is faithful, T has precisely one faithful 
irreducible representation over Z, and the degree is 2’“. FVe Jet k be the rmmber 
of,$reducihie constituents of the action of 7’ on P, then it is suficient to prove 
each assertion for the case k = 1 only. In particular, (i) and (ii] hold. 
We prove (iii} by induction on ~lz, noting that the second claim follows from 
the first since in < n - 1 by Lemma 2.9(G). Let y be a noncentral involution 
in T. 13~. Lemma 2.9(i), y and xy are conjugate; since x inverts every clement of 13, 
Hence ~?z(C,(y)j = P-l. Sow suppose that M > 1. By Lemma 2.9(;ii, TO is 
elementary -4belian. Also, if T* is a subgroup of TO of index 2, we may write 
where TI is an extraspecial group of order 2 %(+~-i)+l to which our results apply 
and, furthermore, 
where T, n T, is a noncentral subgroup of TI of order 2. By induction, 
nz(C,( T*)) = 2°-w+1; since x E TI and x must act fixed-point-freeiy on CP(T*)p 
T, acts faithfully and irreducibly on C,(F). In particular, writing P* = C’?(P), 
m(Cp*(T, n TJ) = +z(P*) 
Since CPT(TO n rpb) = C,(T,), this implies that 
m(Cp( T)) = 2”-“, 
as required. 
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Now let g E P*. Since x # C,(g), C,(g) is elementary Abelian. If S C C,(g) 
and t E; Cr(g)\S, then, writing PI = C,(S), 
Pl = G,(t) x [PI , tl. 
NOW Cpl(t) = C,(S x (t)). By (iii), 
= 2n-""k _ 2"-"-112 
= 2n-m-lk 
3. SOME NONSIMPLICITY CRITERIA 
Our first result is a partial complement to 2.6. 
PROPOSITION 3.1. Let G be a finite group which contains an Abe&m Hall 
n-subgroup H of odd order. Put M = No(H) and V = O,(M), and let T be a 
Sylow 2-subgroup of M. Assume that the following conditions hold: 
(i) His a T.I.-set; 
(ii) M = HT = No(V); 
(iii) T = V( > h x w eye x is an invohdtion for which Co(x) is a nilpotent r’- 
group; and 
(iv) 3 $ v and j H j # 5. 
Then G is not simple. 
Remark. When we apply this result in Section 6, condition (iv) is satisfied 
trivially. It is used to eliminate a particular configuration, although sufficient 
additional work ought to render it unnecessary. 
Proof. Assume that G is simple. Then V f 1 and x cannot be conjugate 
to any element of V. If / V j = 2, then j C,(V)jz = 4 so that G has dihedral or 
quasidihedral Sylow 2-subgroups by a lemma of Suzuki [14]; by the Thompson 
transfer lemma (2.2), all involutions of G would be conjugate, which they are 
not. Thus 1 V j > 4. Again, by transfer, T # Syl,(G), so we may choose 
g E N,(T) - T with g2 E T. Then V # Vg and, putting W = V f~ P, 
[V : v = 2 and-H7 (3 T(g); also H _C N(W). Put N = No(V) and let bars 
denote images in N = N/W. Then 1 v 1 = 2 and NR(r) = i? So j C~(~)!a = 4. 
Thus fl has dihedral or quasidihedral Sylow 2-subgroups of order at least 8. 
Suppose that B n O(B) f 1. Then ((ff n O(x))fl> has odd order; conse- 
quently, H n O(N) # 1 since H 2 C(W). By a Frattini argument, 
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which is absurd. So If n O(n’> = 1. In particular, since 1 H 1 + 3, :? cannot be 
soluble. 
Putting p = (s), we have that G” = 55; so 3 E w’. f R’ had quaternion or 
generalized quaternion Sylow 2-subgroups, then it would fellow that [z, -FJ :‘ 
G(m) by the Brauer-Suzuki theorem [I]. Since [x, H] -Hand gn 0(-q) = 1, this 
is impossible, so ,??I has dihedral Sylow 2-subgroups. By Gorenstein and Waiter’s 
characterization [8j, ~/O(~) is isomorphic to L,(q), 4 odd, or A,. Putting 
L z ;ViK’s we have x EL. So M = [x, Hj CL and L = (FEVj. 1’Jow [L, “Wj = 
([ET, I@]“> = 1. Since x is an involution inL outside W, it fooilows thatL n W = 
I. Since CL(x) is nilpotent, either L/O(L) G L,(9) or L/O(L) G L,( $1 mhere p 
is a Fermat or Mersenne prime, The first case could occur only if ) H ! = 5 while 
the remainder could occur only if 3 divides / W j. These possibilities have been 
explicitly excluded, so G cannot be simp!e. 
PROPOSITION 3.2. Let G be a $nite group which has an Abe&an Syiozv p-sub- 
group jx some odd prime p. Assume that 
(ij every P-invariant p’-subgxwp of G is centralized by P: 
(iij X(Pj~C(P> is an elementary Abelian 2-subgroup, alzd 
(iii) for each hubgroup S of AT(P) th ere is alz integer m, greater than oaze 
suciz that, for each 2-element t of N(P), 
m([C,(S), t]) = either 8 w m, . 
Then P is normal in 6. 
BOOS. let T E Syi,(N(P)) and put ‘I’, = T n C’(P)# If [P, TJ = 1, then 
G has a normal p-complement by Burnside’s transfer theorem [2, p. 327], 
whence P <i G since [P, O,(G)] = 1. So we may assume that [P, T] # I. 
Then, if f E T\T, , 
We prove the result by induction on j G j; hence we may assume that 19 4 H 
w-heneyer P _C NC G. Also we may assume that O,,(G) = 1 and then, since 
P = [P> Tf X C,(T), that Z(G) = 1 since the hypotheses of the prGpositicn 
hold in the respective quotient groups. Now, if x E P, P C C(x) C G; hence 
P 4 C(x) and P is a TX-set. Consequently, if Pi, is a subgroup of P for which 
m(PO) 2 2 and Q is a p’-subgroup of G normalized by Pa , [6, Theorem 5.3.16] 
yields that 
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By the focal subgroup theorem (2.1), [$‘, Tj = Pn Og(G). If S c T and 
t E T, then, as N,([P, T’J) = N,(P), 
so that the hypotheses hold in OS(G). Hence, if P # [P, T], [P, T] <I 02-‘(G) 
so that P q G. Thus we may assume that P = [P, T]. 
If any element of T were to act fixed-point-freely on P, then mrO = m(P) 
and [T: TO] = 2. By the Smith-Tyrer theorem (2.3), G would bep-soluble and 
so P a G; thus we may suppose that C,(t) # 1 for all t E T*. Then, if t E T+, 
G(t) E SYL(CG(9 since P is a T.I.-set. Now CJt) = [C,(t), T]; hence 
m(G(t>> 2 m <t> 3 2. It follows that C,(t) satisfies the hypotheses of the propo- 
sition; since Z(G) = 1, C,(t) 4 Co(t). H ence C,(t) 5 N(P). In particular this 
implies that T E Syl,(N(T)); h ence T E SyI,(G). Ifs, t E T# and s = t” for some 
g E G, then C,(t)g is a p-subgroup of C,(s) so that Cp(t)” _C Cp(s) _C P. Then 
g EN(P). Applying the focal subgroup theorem, T n G’ _C T, ; hence 
02(G) # G. Now, by induction, P 4 02(G) so that P u G. 
In Section 8, Proposition 3.2 is used to obtain T.I.-sets to which the last of 
our nonsimplicity criteria are applied. 
PROPOSITION 3.3. Let G be a jnite group for which the odd prime divisors 
. . 
of ] G 1 can be pavtataoned into sets rl ,..., QT~ such that, for i = l,..., m, G has 
an Abelian Hall rr+ubgroup Hi . Assume that the following conditions hold: 
(i) fey i = l,..., m, H, is a T.I.-set and N(H,)/H, is a 2-group; and 
(ii) if P is a Sylow p-subgroup of G for any odd prime p and T is a 2-sub- 
group of N(P), then m(P) and m(C,(T)) are both even. 
Then G is 2-nil-potent. 
Proof. We apply induction to 1 G /, there being nothing to prove if G is a 
2-group or of odd order. Let p be an odd prime divisor of j G j, and let 
P E Syl,(G). If O,(G) # 1, then P Q G since P is a T&set; by induction, 
G/P is 2-nilpotent as then also is G. So we may suppose that O,(G) = 1. 
Clearly we may also suppose that G = 02(G). Now assume that O,(G) # 1. 
Since m(P) > 2, by [6, 5.3.161, 
‘4(G) = <c,(G)(Y) 1 Y g p#> c -W=). 
So O,(G) _C Co(P). Since G = 02(G) and p is any odd prime, O,(G) _C Z(G). 
Now the hypotheses hold in G/O,(G). By induction, G/O,(G) is 2-nilpotent 
and thus of odd order; since O,(G) C Z(G), G is 2-nilpotent. So we may suppose 
that O,(G) = 1 and thus that F(G) = 1. 
Let t be an involution in G. We claim that the hypotheses of the proposition 
are satisfied by C,(t). If C(t) is a 2-group there is no more to prove, so suppose 
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that p is an odd prime divisor of i C(t)]. Let Q E Syl,(C(t)). By (i), Q is contained 
in a unique maximal Abelian odd order Mall subgroup pi of G. Since is a 
??.I.-set, t E N(N). Furthermore, C&t) is a maximal Abelian Hall subgroup of 
odd order in C,(t) and is a T.I.-set with ~~~~~(C~(~))l~~(~) being a 2-group; 
consequently, as in G, the odd prime divisors of 1 C(r)/ are partitioned according 
to the existence of elements of composite order. n’ow let P E Syl,(H). ‘fhen 
Q = Cp(t) has even rank. If T is a Z-subgroup of C(t) which normalizes QY 
then T C N(H) and Co(T) = C,( T(t)) h as even rank too. So, by induction, 
C(t) is nilpotent. Since we have reduced to the case whereFiG) = 1 (and thus, 
with our hypotheses, where G has no soluble normal subgro 
characterization [7’J yields that G has a normal subgroup N with &?V e L,(q): 
q 2 4, Sz(2”), n 3 3, A, or L,(4). R owever, it is easily verified that none of 
these possibilities allow G to satisfy condition (ii) since each has a cyclic Sylew 
subgroup for at least one odd prime. The proof is complete. 
4. THE MAIN HYPOTHESIS 
For the remainder of this paper, we are concerned with the following situation- 
MVPQTHESIS 4.1: G is a jinite group which admits an ~~to?~~~~~~~ 01 c$ 
add prime order I such that C,(cx) has order 2. 
We fix notation as in this hypothesis and let x denote the fixed involution. 
Since i G 1 = 2 (mod P), T f j G [. C onsequently, 01 fixes a Sylow p-subgroup 
for each prime divisor p of j G j and, furthermore, any two such Sylow subgroups 
are conjugate under <x>. If M and K are a-invariant subgroups of G with R 4 H> 
then a induces a fixed-point-free automorphism on unless x E l7iq-k in 
which case j CHjK(a)[ = 2. In the former case, /ri- is nilpotent by Thompson’s 
theorem (2.4). These results follow from [6, 6.22~ and are used freely without 
further reference. 
LEMMA 4.2. C,(x) is &potent. 
PUJOJ @o(x)l(2c) is nilpotent. Since (xi _C Z(C(x>)> C(x) is nilpotent, 
LEMMA 4.3. Them is a unique c+immiant Sylozr, 2-szlbgrmp S of 6. S montaim 
z(c(x)> and &?ntrafGes O(C(x)). 
Pm?,f. Let S* = O,(C(x)). Then S* is contained in an ol-invariant Sylow 
2-subgroup S of G which is then unique since x ES [6, 6.2.2]. Let S1 be an. 
ol-invariant subgroup of S containing S* and maximal subject to centralizing 
3. Then laT,(Wl& is nilpotent so that [A&(5’,), G(C( 
(C(x))] = 1, th is implies that [IVs(S1), O(C(x))] = 1. 
s, = Ns(S,> = s. 
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For the remainder of the paper, S denotes the a-invariant Sylow 2-subgroup 
of G. 
LEMMA 4.4. Assume that No(S) is not nilpotent and that p is a prime dividing 
the index [N(S): S.C(S)]. If P is a Sylow p-subgroup of G, then No(P) is nilpotent. 
Proof. Let P* be an a-invariant Sylow p-subgroup of N(S). Then 
[S, P*] # 1 so that, by Lemma 4.3, [zc, P*] + 1. Since [x, P*] _C S, x cannot 
normalize any p-subgroup containing P*. In particular, we may choose P 
to be an c&variant Sylow supgroup of G containing P* [6, 6.2.21. Since 
x $ N(P), N(P) is nilpotent. 
LEMMA 4.5. If x E O,(G), then S is normal in G and G/S is nilpotezt. 
Proof. Clear, since G/O,(G) must be nilpotent. 
DEFINITION 4.6. (i) If G is a non-nilpotent group with a normal S$ow 
2-subgroup satisfying Hypothesis 4.1, we say that G is of type I. 
(ii) If G is a soluble group satisfying Hypothesis 4.1 with C,(U) $0,(G), 
we say that G is of type II. 
We complete this section with a description of groups of type II, thus proving 
Theorem B. 
LEMMA 4.7. Let G be a soluble group of type II, and put e = G/O,,,,(G) 
and z = x0,,,(G). Then 
(i) O,,,<(G) is nzlpotent; 
(ii) [x, O(G)] f 1; and 
(iii) either e = (5) OY, if Y = 2” + 1 is a Fermat prime only, c is an 
extraspacial 2-group of order 22nfl with centre (%>, isomorphic to the central 
product of a quaternion group and (n - 1) dihedral groups. 
Proof. Since x $0,(G), a! acts fixed-point-freely on O,,,(G) which is there- 
fore nilpotent. By the Hall-H&man centralizer lemma [9, 1.2.31, x cannot 
centralize O,,,(G)/O,(G) so that [x, O(G)] # 1; indeed, G must act faithfully 
on O(G). 
Let i!? be an arbitrary nonidentity z-invariant 2-subgroup of G. Then R 
acts faithfully on O(G) so that 5 E a. In particular, (a) = Q,(Z(n)) so that, 
since (%> = Cs&ol>, (J) = Z(a). Now <g) = Z(O,(G)); hence (z> _C Z(G). 
By Lemma 4.2, G must be nilpotent, and so is a 2-group. 
Suppose that G + (%>. Choose B an a-invariant subgroup of G minimal 
subject to containing (%) properly. Since {g) = Z(E), i7 is non-Abelian and 
H’ = CD(R) = (3); i.e., n is extraspecial. Since <a> is the unique minimal 
normal subgroup of i7, there is a Sylow p-subgroup P of O(G) and an irreducible 
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constituent M of P/@(P) as a Z,(ol) g-module for which CIM(cy) = C,M(%) = 0, 
By Lemma 2.5, this can happen only if Y is a Fermat prime. (This is the standard 
~a~~-~igrn~ reduction.) Assuming this the case, since (%> = Z(e), G has 
class at least 2. Suppose that (? has class c and that 
G = T,(G))3 ..’ 3 rcTl(G) = 1 
is the lower central series. Then r+r(e) is not a minimal ol-invariant subgroup 
of G and so is non--4belian. However, by [6, Lemma 5.&l(i)], 
hence 2(c - I) < c so that c = 2. Now all commutators in e are central. For 
any y, z E G, 
[Y”, 4 = [Y, ay, %YXY, 4 = 1 
since any nontrivial commutator must be equal to J. Thus all squares are centra? 
and so Q(e) = Z(e) = (x); h ence e is extraspecial with centre (z>. As above 
with I?, we can construct from O(G) an <IX) bT-module M for which CM(~) = 
CM(%) = 0; again we may apply Lemma 2.8, though this time in full, to obtain 
(iii). 
Lemmas 4.5 and 4.7 have the following immediate consequence. 
PRGPOSITION 4.8. Let G be a soluble group which satisfies Hypotlzesis 4.1. 
Then, JOY each prime divisor p of ! G I, G has either a normal S$ow p-s~~~~~~~ 
QY a normal p-complement. 
5. THE MINIIVIAA COUNTERRXMPLE 
We now begin the proof of Theorem A. Fix notation as in the previous section 
and let G be a counterexample of minimal order. 
LEMMA 5.1. G is simple. 
Pmof. G can have no proper nonidentity ol-invariant normal subgroup. 
So G is a direct product of isomorphic non-Abelian simple groups permuted 
transitively by 01. Were there more than one, C,(n) would be non-Abeiian, 
contrary to hypothesis. 
LEMMA 5.2. Let p be a prime divisor of 1 G j ad P E S&(G). Jf N&P) 
has a normal p-complement, then p = 2 and the symmetric grozlp S, is k~~ok~;ed 
in 6. 
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Proof. We may assume that P is a-invariant. By Proposition 4.8, N(J(P)) 
has either a normal Sylow p-subgroup or a normal p-complement; in the former 
case, N(J(P)) _C N(P) so that N(J(P)) still has a normal p-complement. The 
same holds for C@(P)). Unless p = 2 and S, is involved in G, G has a normal 
p-complement [5, Theorem 91, contrary to Lemma 5.1. 
We now use the notion of type (Definition 4.6) to determine the maximal 
a-invariant subgroups of G, observing that a subgroup of type I cannot be 
contained in a subgroup of type II, and vice versa. 
LEMMA 5.3. No c&avuriunt subgroup can have type I. 
Proof. If not, some maximal a-invariant subgroup M has type I. Since 
M = N(O,(M)), O,(M) = S, and M = N(S). Since M has type I, there is an 
odd prime p dividing the index [M: S.C(S)]. If P E SyI,(G), then N(P) is nil- 
potent by Lemma 4.4, contrary to Lemma 5.2. 
COROLLARY 5.4. No(S) is nilpotent. 
Proof. N(S) cannot have type II, leaving only this possibility. 
Now Lemma 5.2 may be applied to show that, if p is an odd prime divisor 
of 1 G 1 and P is an a-invariant Sylow p-subgroup, then No(P) is of type II; 
thus G must have maximal a-invariant subgroups of type II. Furthermore, S, 
is involved in G; in particular, 3 divides 1 G 1. We use this only for the following 
immediate consequence. 
PROPOSITION 5.5. Y > 5. 
We return to the maximal a-invariant subgroups. 
LEMMA 5.6. Let M be a maximal winvariant subgroup of G and suppose 
that M is of type II. Theft O(M) is a nilpotent Hall subgroup of G, and no Sylow 
subgroup of O(M) is centralized by (x). 
Proof. Suppose that P is a Sylow p-subgroup of O(M). Then P E Syl,(M) 
and M = N,(P) by maximality; hence P E Syl,(G) so that O(M) is a Hall 
subgroup of G. Since M is not nilpotent, x E M. So x normalizes P. If [x, P] = 1, 
then M/O,, (M) would be nilpotent so that M would have a normal p-comple- 
ment, contrary to Lemma 5.2. 
LEMMA 5.7. If G has a nilpotent maximal cAnvariant subgroup M, there 
M = S. 
Proof. If P is a Sylow subgroup of M, then M = N,(P). So P is a Sylow 
subgroup of G. By Lemma 5.2, M = S. 
LEMMA 5.8. The relation, “p N q if G contains a nilpotent Hall (p, q)- 
Pmf. If G contains a nilpotent Hall (9: g)-subgroup ( p # n>, then there 
is one which is &nvariant, and this lies in a maximal cr-invariant subgroup which. 
is ef type 11 by Lemmas 5.3, 5.6, and 5.7. Now it is dear that there is an eqiii- 
valence relation whose classes are the sets of odd prime divisors of the maximal 
wiwariant subgroups of type II. Since G is not a 2-group, there is at ieast one 
such subgroup M. Since G is simple, if g f Z(O(M))+, [G: C( g)j cannot bc a 
power of 2 [Z, p. 323]; hence there are at least two equivalence classes. 
We nmv fix some notation for the remainder of the paper. M denotes a maximal 
a-invariant subgroup of type II; we put N = O(M) and Ict 7~ be the set of odd 
prime divisors of ; N j. Since x E M, N is the unique Anvariant Hall TPSU’O- 
group of G; thus the collection of such sets TT are the distimt equivalence classes 
defined in Lemma 5.8. We divide the equivalence classes into three sets? 
and 
1x1 the next three sections we eliminate these sets in turn, but first con&de 
this section with some easy observations. 
PR~POSITICS 5.9. (i) If7rEg1 V us, fken His Abelian. 
(ii) Unless r is a Femat prime, cr3 = E. 
(iii) CG(5) is a $2, 02j-gyoerp. 
(iv) 52 cmsists of ai most one eqz;idence class. 
Proof. If ‘in E (il u o3 , then x acts fixed-point-freely on H so that N is AA.13eIian 
by a theorem of Burnside [2, p. 901, while part (ii) is a consequence of Theorem B. 
If C(,?LI) is a 2-group, we are done. By Lemma 4.2, C(x) is nilpotent; so suppose 
that G(&‘(x>> + I. Let A4O be a maximal a-invariant subgroup containing 
O(C(x)>. By Lemmas 5.3 and 5.7, MO is of Type II; now (iii) and (iv! 
are immediate. 
B~oof. Assume otherwise. Let w E c1 and let M and H be the corresponding 
subgroaups as defined in Section 5. By Proposition 5.9, N is Abelian; if p E 7p 
and P E S&(N), then 34 = N(P) and [M: C(P)] = 2. Since G is simple, 
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P is cyclic by 2.3. Now H is cyclic and, since H admits ol fixed-point-freely, 
neither 3 nor 5 divide / H /. In addition, since every subgroup of H is charac- 
teristic, C,(y) = C,(H) for ally E H#; i.e., H is a T.I.-set. n’ow O,(fiZ) = 1; 
otherwise, since M = NG(OB(M)) if O,(M) f 1, Proposition 3.1 yields a 
contradiction since C,(X) is a nilpotent (2, +)-group. By 2.6, all involutions are 
conjugate in G. Simple groups in which the centralizer of every involution is 
nilpotent have been characterized by Suzuki [15]; none satisfies Hypothesis 4.1, 
so the proposition is proved. 
7. THE SET uE 
Throughout this section we assume that ua # O. By Proposition 5.9, we 
can take H to be an a-invariant Hall a,-subgroup and M = N,(H). In view of 
Proposition 6.1, we assume that q = o and thus, by Lemma 5.8, that ~a # 0. 
By assumption, C,(x) -f 1; since C,(x) is nilpotent, Q(C,(x)) # 1. Put 
U = O(C,(x)). Then C,(X) C U and, by Lemma 4.3 and Corollary 5.4, 
NG(S) = s x u. 
LEMMA 7.1. M is the unique maximal winvariant subgroup containing U. 
In particular, M contains S. 
Proof. Let M,, be a maximal a-invariant subgroup containing lJ. By Lemmas 
5.3 and 5.7, iv,, is of type II. By Proposition 5.9, U is a ua-group; hence M0 = M. 
Thus N(S) = S x UCM. 
LEMMA 7.2. [M: O,,,,(M)] > 2. 
Proof. By Theorem B, [H, x] # 1 so that U = C,(x) # H. So x cannot be 
conjugate to any element of O,(M). By L emma 7.1, S _C M; if [M: O2,2,(M)] = 2, 
then [S: O,(M)] = 2 and G cannot be simple by the Thompson transfer lemma 
(2.2) contrary to Lemma 5.1. 
Remark. At this point we have completed the proof of Theorem A provided 
that r is not a Fermat prime greater than 3, for then *a = %. However, we do 
not need the Smith-Tyrer theorem or Proposition 3.1 to eliminate primes in 
or given this restriction. One first shows, by Lemma 7.2, that C(X) is a 2-group; 
then, as indicated in [3], the character-theoretic methods of [4] show that G 
has nilpotent Hall subgroups HI and H, such that j HI / - 1 Hg ( = 2. Since 
j HI / = j H2 ! = 1 (mod r), this is impossible. 
We now show that the conclusion of Lemma 7.2 leads to a contradiction also. 
PROPOSITION 7.3. 0, = ~3. 
Proof. Continue to assume otherwise. Let r1 E a, and let Eir be the 
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oc-invariant Hall rr,-subgroup of G. Put MI = N(H,) and S, = C,(iWI). 
Suppose that S, # 1. Then MI = N(S,) so that N(S,) is a (2, r&group~ 
On the other hand, S, C S,(x) Z. S 16, 6.2.21; then UC C(S,) L N(S,), a 
contradiction. Hence S, = 1. By Theorem B, N(Hr)l is an extraspecial group 
so that, in particular, x is a square. 
We now claim that S is the only Sylow 2-subgroup of @ to contain x. Suppose 
that x e 9. Then [x, Ug] = 1 since [Sg, Ug] = 1. Thus Ug = hi so that g E M 
by Lemma 7.1. M = SH, so g = sh where s E S and ii E Now x+ E 3 
so that &-” E S; hence hxh-l E S. Now [x, h-r] E S n H = 1; so h E LT. 
Thus SV = SST& = SIG = S and xv-’ = &-I. So S is the only Sylow subgroup 
of 6; containing x and, furthermore, any conjugate of x in G iying in S is already 
conjugate to x in S; in particular, if S, = O,(M), x cannot be conjugate to 
any element of S\&)(x) since S,(x) 4 S. 
Now picky E S withya = x. Ify” E S, then xv E S so that g E X(S) = S x LT. 
Since S/S, is extraspecial, S/S,< x is Abelian. We compute the image of y ) 
under transfer into S/S,(x). y permutes the cosets of S in orbits of length I ,, 
2, or 4. hose of length 4 yield no contribution to the transfer since 3’” = ! 
while those of length 2 yield no contribution either since every conjugate of 
y” (= x) which lies in S lies in S,(x). However, those orbits of iengh I yield 
a total contribution ~1~1 mod S,(x). Since ) U i is odd, the image of y under 
the transfer is nontrivial. This contradicts the simplicity of C and completes 
the proof. 
8. THE SET c3 
Assume that us # m. Let T E a3 and Iet H be the u-invariant HaI1 n-subgroup 
of G. Put M = N,(H). By Proposition 5.9, H is Abelian and, by the definition 
of 0s and Theorem B, M/O,,,(M) is the central. product of a quaternion group 
and (n - 1) dihedral groups of order 8, where Y = 2” $ I and, by Propo- 
- sition 5.5, n > 2. Let p E ‘in and P E Syl,(EQ Then M = NG(P). 
LEM;VIA 8.1. N is a T&set. 
PYQ$. It is sufficient to show that C(y) C fl/l whenever y G P+; by the maxi- 
ma&y of IV, it is enough that P 4 C(y). To show this, we verify that 
the hypotheses of Proposition 3.2 hold in C(y). 
By Lemma 2.10, m(P) >, 4 and, if P0 C P with ~(~/~~) < 2, C&P,) C C(P) 
except possibly if m(P) = 4 and m(PJ = 2. If C,W(P,) C C(P), then C,(PO) 
has a normal p-complement by Burnside’s transfer theorem [2, p. 327]; the 
exceptional case occurs only if Y = 5 and m(?,J = 2 in which case, applying 
Lemma 2.10 again, we may have C,(P,,) = C(P)(t) where t2 E C(P) and 
P = PO x [P, t]. Since m([P, t]) = 2, CG(Po)IPo is pi-soluble by the Smith- 
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Tyrer theorem (2.3). I n any case, N,(P,) = C,(P,) NM(PO); thus, whenever 
m(P/P,) < 2, N,(P,,) is p-soluble. 
Let 2 be a prime different form p. Then C,(P) permutes the elements of 
M*,(P; 4) transitivity by Proposition 2.7. Since 7 does not divide j C(P)/, 
some element Q of M*,(P; q) is a-invariant; then PQ is nilpotent and Q _C C(P). 
Hence every P-invariant p’-subgroup of G lies in C(P). 
Let y E P# and put M = M/O,,,,(M). Z(m) acts fixed-point-freely on P 
so that no element of order 4 in M can fix y. So ~V,(,J(P)IC(P) is elementary 
Abelian. If S is a 2-subgroup of N(P) n C(y), let S be its image in i@. Let t 
be a 2-element of N(P) n C(y) and f its image in M. Then, if f E 3, 
[C,(S), t] = 1; otherwise, by Lemma 2.10, 
m([Cp(S), t]) = 2”-“-%, 
where Y = 2” + 1, j s ( = 2”” and WZ(P) = 2%. Thus, if j s [ < 2+l, C(y) 
satisfies the hypotheses of Proposition 3.2 with ms = 2n-qn-1k, while if 
1 S j = 2”-1 then t E s and m([Cp(S), t]) = 0; hence P Q C(y). 
Proof of Theorem A. We establish the hypotheses of Proposition 3.3 for G; 
then G is 2-nilpotent and in particular not simple, contrary to Lemma 5.1. 
By Propositions 6.1 and 7.3, o1 u g2 = M. Take as equivalence classes of 
odd primes the elements of g’3 . Then, if r E o3 , the notation and results of this 
section apply. His an Abelian T.I.-set with N(H)/H a 2-group. If T is a 2-group 
normalizing P, then T C M, and both m(P) and m(C,(T)) are even by 
Lemma 2.10. So the hypotheses hold. Hence there can be no counterexample, 
and Theorem A is proved. 
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